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We propose a pump-probe set-up to analyse the properties of the collective excitation spectrum of
a spinor polariton fluid. By using a linear response approximation scheme, we carry on a complete
classification of all excitation spectra, as well as their intrinsic degree of polarisation, in terms of
two experimentally tunable parameters only, the mean-field polarisation angle and a rescaled pump
detuning. We evaluate the system response to the external probe, and show that the transmitted
light can undergo a spin rotation along the dispersion for spectra that we classify as diffusive-like.
We show that in this case, the spin flip predicted along the dispersion is enhanced when the system
is close to a parametrically amplified instability.
PACS numbers: 71.36.+c, 03.75.Mn, 03.75.Kk
I. INTRODUCTION
Strongly coupled matter-light systems, such as exciton-
polariton microcavities, have recently witnessed an esca-
lating interest thanks to the simultaneous versatility in
manipulating and probing their intrinsic properties. Re-
sulting from the strong coupling of cavity photons and
quantum well excitons, exciton-polaritons display unique
properties deriving from both their constituents — for
recent reviews see Refs.1–4. In particular, the resonant
excitation scheme, where polaritons are directly injected
by an external laser near the energy of the lower polari-
ton dispersion, allows to experimentally access a unique
accurate tuning of the system parameters, such as the po-
lariton density, current properties, as well as their phase,
which is locked to the one of the external pump.
Much work has been already done both theoretically
as well as experimentally for resonantly pumped single
component polariton fluids in the pump-only configura-
tion5–11, i.e., where only the pump state is occupied and
no parametric scattering occurs. Particular interest was
dedicated in analysing the properties of the collective
spectrum of excitations and relate them to the system
superfluid behaviour5–7. Here, the spectrum could be
classified either as gapped, or linear, or else diffusive-
like, in terms of a single parameter, the renormalised
pump detuning. Interestingly, diffusive-like spectra in
non-equilibrium fluids have been shown to be related to
parametric scattering and amplification6 and to the oc-
currence of a negative drag force of the single compo-
nent polariton fluid when scattering against a localised
defect12.
In this article we consider the case of a spinor, i.e.,
two-component, polariton fluid, by explicitly including
the polarisation degrees of freedom. It has been observed
that, for fixed pump detuning and degree of polarisation,
the system undergoes a spin flip and a subsequent hys-
teresis curve when varying the pump power, promoting
this system as an ideal environment where to realise an
optical spin switch13–15 or a logical gate16. Interestingly,
it has been recently demonstrated that spinor polariton
systems have tunable cross-spin interaction properties17.
In previous recent work18, the spectrum of elementary
excitation for a resonantly excited pump-only polariton
fluid including the spin degrees of freedom was analysed.
In that work, by considering for simplicity only the limit-
ing cases of a purely linearly polarised fluid and a purely
circularly polarised one, the focus was on the superfluid
properties of the system and the possiblity of reproducing
a linear spectrum when the pump detuning compensates
exactly the interaction-induced blueshift.
Here, we propose a pump-probe set-up tailored for
analysing the properties of the collective excitation spec-
trum. We show that in the linear response approxima-
tion scheme, valid for a weak probe beam, the spectrum
of excitations can be evaluated analytically even in the
generic case of an elliptically polarised spinor polariton
fluid. Further, for fixed interaction strengths, the spec-
trum can be completely classified in terms of only two
experimentally tunable parameters: the mean-field po-
larisation angle and a rescaled pump detuning. Now the
number of different class sets of spectra is much larger
compared with the single fluid case. Yet, depending how
the two opposite circular polarisation degrees of freedom
mix together in the spectra, we can single out three larger
sets where the behaviour of the spectrum intrinsic de-
gree of polarisation is qualitatively different. We name
them as gapped, 0-diffusive, and ω-diffusive; these regions
in the two-parameter space are separated by conditions
for which the spectrum can be linear. While for gapped
spectra, there is no mixing of opposite circular polarisa-
tion degrees of freedom, for both diffusive-like spectra,
the mixing is responsible for flips of the intrinsic spin
degree of polarisation along the branches. Further, we
evaluate the system response to the external probe and
analyse the properties of the transmitted light and its
relations to the collective excitation spectrum. In par-
ticular we determine the properties of the spin flip along
the branches for diffusive-like spectra and how the spin
rotation is larger, the closer the system is to a parametric
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FIG. 1. (Color online) Representation of the Poincare´ sphere
illustrating all possible light polarisations. The basis of left
and right circular polarisation (perpendicular to the micro-
cavity plane), {|+〉, |−〉}, are the sphere north and south
poles, respectively. In contrast, all linear polarisation states
(parallel to the cavity mirror) lie on the equator and for
those one can choose two alternative basis, either {|x〉, |y〉} or
{|u〉, |d〉}. A generic elliptically polarised state |Ψ〉 lies every-
where on the sphere, except at the poles and at the equator,
and is defined by a polar angle 2θ (characterising the degree
of mixing between circular and linear polarisation) and an
azimuthal angle 2φ (characterising the in-plane polarisation
orientation with respect to an x-linearly-polarised state).
instability.
The paper is organised as follows: In Sec. II, we present
the generalised Gross-Pitaevskii equation that describes
the resonantly pumped spinor fluid and briefly discuss
its mean-field solutions from existing literature. We in-
troduce the proposed pump-probe scheme in Sec. III
and discuss the linear response approximation scheme.
The spectrum of collective excitations is evaluated in
Sec. III A, where we derive a “phase diagram” classifying
all possible spectral categories. In Sec. III B we derive
the emission properties of the intrinsic degree of polar-
ization for each spectrum branch. Finally, in Sec. III C,
we evaluate the spinor polariton fluid response to the
additional probe beam and relate its properties to the
spectrum intrinsic properties previously discussed.
II. MODEL
The dynamics of resonantly pumped polaritons is de-
scribed by a Gross-Pitaevskii equation (GPE) for the po-
lariton field generalised to include the effects of the po-
lariton finite lifetime 2pi~/γ, as well as the ones of an
external laser that resonantly injects polaritons into the
microcavity4. Here, we consider a simplified model which
involves the lower polariton (LP) branch only. The res-
onant pumping scheme we will consider implies populat-
ing a specific LP state with low momentum, allowing us
to neglect the occupation of the upper polariton branch.
Further, we include the two degrees of freedom of the
polariton polarisation in the left |+〉 and right |−〉 cir-
cular polarisation basis1,19 — see Fig. 1 for a schematic
representation of the Poincare´ sphere for light polarisa-
tion. The generalised GPE equation for the spinor LP
field Ψ±(r, t) reads as (~ = 1 throughout):
i∂tΨ± =
[
ωLP (−i∇)− iγ
2
+ α1|Ψ±|2 + α2|Ψ∓|2
]
Ψ±
+ F±(r, t) . (1)
Here, the homogeneous pump term F±(r, t),
F±(r, t) = fp±ei(kp·r−ωpt) , (2)
resonantly injects polaritons with a momentum kp and
an energy ωp close to the bottom of the LP dispersion
ωLP (k). For this reason, we consider a quadratic ap-
proximate of such a dispersion, ωLP (k) 'k→0 k22m , where
m is the LP mass and we have fixed ωLP (0) = 0. In (1)
we can thus substitute ωLP (−i∇) ' −∇22m .
Polariton interaction properties depend on their polar-
isation component. With α1 we denote the interaction
strength between polaritons in the same circular polari-
sation state; this is repulsive, α1 > 0, like the interaction
strength between excitons with the same spin20; when
excitons mix with photons to form polaritons, one can
show that the resulting strength α1 weakly depends on
the LP properties such as the photon-exciton detuning
and the Rabi splitting21. Instead α2 is the interaction
strength between polaritons with opposite circular polar-
isations. Interestingly, it has been very recently shown
that this inter-polarisation coupling can be tuned by
means of a bipolariton Feshbach resonance mechanism17
from being attractive to repulsive, by simply changing
the value of the LP photon-exciton detuning. Here, we
assume to be far from such a resonance, in a regime
where α2 is weakly attractive, and in particular we fix
α2/α1 = −0.121. Note that, for an equilibrium homo-
geneous spinor Bose-Einstein condensate at zero temper-
ature (i.e., described by the same GPE with no pump-
ing nor decaying term and chemical potentials fixing the
particle number in each condensate), attraction between
opposite components implies a collapse of the system,
i.e., mechanical instability, unless |α2|/α1 < 122. In this
regime, the results obtained here for the polariton spinor
fluid resonantly pumped by an external laser do not qual-
itatively depend on the particular value chosen for the
ratio |α2|/α1. Interestingly, the anisotropy of polariton-
polariton interactions, characterised by the ratio α2/α1,
was shown to be responsible for the existence of effective
magnetic monopoles in the form of half-integer topolog-
ical defects23 and screening of a magnetic field, the spin
Meissner effect24.
For a homogeneous pump-only scheme as in Eq. (2),
the GPE dynamics (1) is solved by the following mean-
field plane-wave steady-state solution,
Ψ±(r, t) = ψ±e
i(kp·r−ωpt) , (3)
3i.e., by assuming that the pump only populates the LP
state with the very same momentum kp and energy ωp.
Note that in this resonant pumping scheme, the polariton
fluid phase is locked to the one of the external laser. One
can then find how the intensity of the emission in the two
polarisation states, |ψ±|2, vary when changing the system
parameters, e.g., by increasing the pump strength and its
degree of polarisation, via the parameters f±. Much work
has been recently carried out to investigate the mean-field
properties of spinor polariton fluids, including the possi-
bility for multistable behaviour — see, e.g., Refs.14,25.
In particular, for a single-component resonantly pumped
polariton fluid, multistability appears when the polariton
population goes through an hysteresis loop as a function
of the pump intensity: When resonantly pumping above
the LP dispersion, an increase of the pump power im-
plies an interaction induced blue-shift of the LP energy
towards resonance and thus a sudden increase of the LP
population. When instead the pump power is lowered, a
sudden drop occurs at lower pump powers, resulting in
a region on multistability. For spinor fluids, it has been
found that the most-populated spin component is subject
to an hysteresis loop, while the less-populated component
undergoes a smooth intensity increase13,14,25. Interest-
ingly, this mechanism has been proposed for realising an
optical spin switch15.
We refer the reader to the literature for the mean-
field analysis, and instead assume here that the system is
pumped in such a way as to induce a given degree of po-
larisation for the mean-field solution. This is completely
characterised, as any general elliptical polarisation state,
by both a polar angle θ0 and an azimuthal angle φ0 (see
Fig. 1), respectively defined as:
cos(2θ0) =
|ψ+|2 − |ψ−|2
|ψ+|2 + |ψ−|2
(4)
tan(2φ0) =
=(ψ∗+ψ−)
<(ψ∗+ψ−)
. (5)
Without loss of generality, we can however assume that
the pump induces a mean-field state with φ0 = 0, as this
simply corresponds to a choice of the reference coordinate
system and any other elliptically polarised state can be
obtained by rotating the microcavity plane. We then
study how the collective excitation spectrum for such
spinor polariton fluid, as well as its response to a weak-
probe beam, change when varying θ0 ∈ [0, pi/4] — the
other interval θ0 ∈ [pi/4, pi/2] is symmetric for ψ+ ↔ ψ−.
III. LINEAR RESPONSE TO A WEAK PROBE
BEAM
In order to probe the spectrum of collective excita-
tions of a resonantly pumped spinor polariton fluid, we
introduce an additional weak beam which can be shined
at several energies and angles, different from the pump
ones. In particular, referring to the schematic setup for
pump
probe
particle-like
hole-like
DBR
DBR
QWs
pbk+pk
pbk+pk
pbk−pk
pk
pk
FIG. 2. (Color online) Schematic setup for the pump-probe
experiments designed to measure the collective excitation
spectrum of a spinor polariton fluid. The cavity (composed of
two distributed Bragg mirrors [DBR] with embedded quan-
tum wells [QWs]) is resonantly excited with a pump, with
a momentum kp and an energy ωp close to the LP disper-
sion. A second weak probe beam, with momentum kp + kpb,
and energy ωp + ωpb that can be scanned at different values,
is used to probe the system collective excitation spectrum.
The transmitted light will have a “particle-like” component
emitting at the direction corresponding to kp + kpb and a
“hole-like” component at kp − kpb.
the proposed pump-probe experiment in Fig. 2, we con-
sider a homogeneous pump term as in (2) and add to it a
homogeneous probe beam with strength fpb± , shined at a
direction kp+kpb (with kpb 6= 0) and an energy ωp+ωpb:
F±(r, t) = ei(kp·r−ωpt)
[
fp± + f
pb
± e
i(kpb·r−ωpbt)
]
. (6)
The wave-vector kpb should not be confused with the
probe direction, rather it corresponds to the probe mo-
mentum relative to the pump momentum kp.
We assume that the system is only weakly perturbed
by the probe; therefore, we can apply a linear-response
approximation, where only two other states are weakly
populated aside the mean-field state (3)26:
Ψ±(r, t) = ei(kp·r−ωpt)
[
ψ±
+u±e
i(kpb·r−ωpbt) + v∗±e
−i(kpb·r−ωpbt)
]
. (7)
Note that, although the polariton sample is only ex-
cited at two directions, the pump kp and the probe one
kp+kpb, transmission must also include an additional sig-
nal at kp−kpb. This is a consequence of polariton inter-
actions which mix the particle-like excitations u±, result-
ing from adding a particle into the mean-field state, with
the hole-like degrees of freedom v±, which are excited
by instead removing a particle. Thus, as schematically
4drawn in Fig. 2, we expect the weak probe to imply a
transmission in both directions kp±kpb. We will analyse
in Sec. III C the properties of both transmission signals,
as well as the relation to the intrinsic properties of the
collective excitation spectrum.
The system response to the probe is easily evaluated
by substituting (7) into the GPE equation (1) and by
expanding at first order in both the probing field strength
fpb± and the fluctuation terms above mean-field, u± and
v±.
We obtain four coupled equations diagonal in momen-
tum space (
ωpbIˆ− Lˆkpb
)
w = fpb , (8)
where response and probe have been rearranged into
four component vectors, w = (u+, v+, u−, v−)
T and
fpb = (fpb+ , 0, f
pb
− , 0)
T . The Bogoliubov operator Lˆk can
be written in terms of its polarisation components,
Lˆk =
(Mˆ++,k Mˆ+−,k
Mˆ−+,k Mˆ−−,k
)
, (9)
which are given by the expressions (i = +,−):
Mˆii,k =
(
˜i,k + k · vp − iγ2 α1ψi2
−α1ψ∗i 2 −˜i,k + k · vp − iγ2
)
(10)
Mˆ+−,k = α2
(
ψ∗+ψ− ψ+ψ−
−ψ∗+ψ∗− −ψ+ψ∗−
)
. (11)
The parameters appearing in the diagonal components of
the Bogoliubov operator are the fluid velocity vp = kp/m
and the following energy term:
˜±,k = ±,k + α1|ψ±|2 (12)
±,k =
k2
2m
−∆± (13)
∆± = ωp −
(
k2p
2m
+ α1|ψ±|2 + α2|ψ∓|2
)
. (14)
In particular, ∆± can be interpreted as the effective
pump detuning, i.e., the energy difference between the
laser frequency ωp and the LP dispersion at momentum
kp renormalised by the interaction induced blue-shift due
to both the intra-polarisation coupling α1|ψ±|2 and the
inter-polarisation one α2|ψ∓|2.
Before analysing the properties of the probe response
w starting from Eq. (8) (Sec. III C), we discuss first
the collective excitation spectrum of the spinor polariton
fluid and its intrinsic properties (Sec. III A), including its
degree of polarisation (Sec. III B).
A. Excitation spectrum of the spinor polariton
fluid
For a general wave-vector k (as for kpb, here k is as-
sumed to be measured with respect to the pump wave-
vector kp), the different branches of the spectrum of ex-
citations are the eigenvalues of the Bogoliubov operator
Lˆk and thus are evaluated starting from the equation:
det
(
Lˆk − ωIˆ
)
= 0 , (15)
or equivalently finding the roots of the following polyno-
mial equation:
∏
i=+,−
[(
ω + i
γ
2
− k · vp
)2
− E2i,k
]
= −4α22
∏
i=+,−
(
i,k|ψi|2
)
.
This can be solved exactly, resulting in four branches of
the spectrum, which, as explained later, we label with a
new index a = u↑, v↑, u↓, v↓:
ω
(a)
k = k · vp − i
γ
2
+ ηu,v
[
E2+,k + E
2
−,k
2
+σ↑,↓
√√√√(E2+,k − E2−,k
2
)2
+ 4α22
∏
i=+,−
(i,k|ψi|2)
1/2
(16)
where ηu,v = ±1 for the particle-like and hole-like com-
ponents respectively and σ↑,↓ = ±1. Here, the energy
E±,k =
√
±,k(±,k + 2α1|ψ±|2) , (17)
determines the excitation spectrum of two independent
fluids with opposite circular polarisations, which is given
by5,27
lim
α2→0
ω
(a)
k = k · vp − i
γ
2
+ ηu,vE±,k . (18)
When setting ψ− = 0 (circular polarization) or ψ+ = ψ−
(linear polarization), one recovers the limiting expres-
sions derived in Ref.18.
Note that, because of interactions, polarisation and
particle-hole degrees of freedom do in general mix to-
gether along the dispersion of each spectrum branch. Yet,
the choice of the index a = u↑, v↑, u↓, v↓ for labeling the
four branches of the excitation spectrum is motivated by
the fact that, at large momenta there is no mixing be-
tween the particle-like (u↑,↓) and hole-like (v↑,↓) degrees
of freedom, while the same does not hold of + and −
polarisation states that do remain coupled — i.e., as we
will see later, the intrinsic polarisation of these branches
can never be purely circularly + or − polarised even at
large momenta, where the energy becomes
lim
k→∞
ω
(u↑,v↑,u↓,v↓)
k = k · vp − i
γ
2
+ ηu,v
[
(k + ηu,vkp)
2
2m
+ 2α1|ψ↑,↓|2 + α2|ψ↓,↑|2
]
, (19)
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FIG. 3. “Phase diagram” showing the different classes of
spectra of a spinor polariton fluid as a function of the two
dimensionless parameters ω¯p (20) and the mean-field polari-
sation angle θ0 (4) for α2/α1 = −0.1— the case of left circular
polarisation corresponds to θ0 = 0, while the one of linear po-
larisation to θ0 = pi/4. The labels 1 − 9 correspond to the
exact parameter values chosen for the corresponding spectra
plotted in Fig. 4. The value of the critical polarisation angle
θcr0 (21) is marked with a dash-dotted line. The white region
(gapped) includes the spectra 1 − 3 characterised by a gap
for the + branches; the clear-gray region (0-diffusive) are the
spectra 4 − 6 displaying diffusive behaviour at zero energy,
while the dark-gray region (ω-diffusive) are the spectra 7− 9
where a diffusive region can also be at finite energy (see text).
The striped region is the parametrically unstable region for
γ = 1.5E .
where ψ↑,↓ ≡ ψ+,−. For this reason, we introduces a new
notation ↑, ↓ for the branch index a = (u↑, v↑, u↓, v↓),
indicating that the pure circular polarisation degrees of
freedom ± are always coupled.
We now classify all possible different types of excitation
spectra (see Fig. 4) and how these evolve from one type
to the other by changing the system parameters, as rep-
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FIG. 4. (Color online) Different types of excitation spectra
(real part <ω(a)k in the left panels and imaginary part =ω(a)k
in the right panels) allowed for a spinor polariton fluid for
α2/α1 = −0.1 and for a pump wave-vector kp = 0. The
energy ω is measured in units of E = α1(|ψ+|2 + |ψ−|2), while
momentum (plots are cuts at ky = 0) in units of
√
mE . Thick
(thin) black lines are the u↑ (v↑) branches, while thick (thin)
red-gray lines are the u↓ (v↓) branches. The labels 1 − 9
correspond to the very same parameters (ω¯p, θ0) shown in the
“phase diagram” of Fig. 3, where the corresponding labels
appear. The polariton decay rate is fixed to γ = 1.5E for the
spectra 1− 8 and to γ = 2E for spectrum 9.
resented in the “phase diagram” of Fig. 3. Interestingly,
for a fixed interaction strength ratio α2/α1 (= −0.1 in
the figures), only two dimensionless independent parame-
ters are sufficient in order to classify all possible different
types of spectra of a resonantly pumped spinor polari-
ton fluid: 1) the mean-field polarisation angle θ0 (4) and
2) the dimensionless pump energy rescaled by the “self-
6interaction” energy E = α1(|ψ+|2 + |ψ−|2):
ω¯p =
ωp
α1(|ψ+|2 + |ψ−|2)
. (20)
By means of these two parameters only we can fully
classify all the allowed spectrum typologies. Note in fact
that the value of the pump momentum kp has the sole
effect of tilting the spectrum dispersion; in the quadratic
approximation for the LP dispersion considered here, this
corresponds to a Galilean transformation.28 For this rea-
son, we plot, without loss of generality, the spectra of
Fig. 4 for a pump in the orthogonal direction to the cav-
ity growth, kp = 0.
In the absence of inter-polarisation interaction, α2 = 0,
and for equal spin populations, |ψ+| = |ψ−|, both sign
and value of a single parameter, the rescaled interaction
renormalised pump detuning ∆¯ = ∆/α1|ψ+|2, determine
the four types of possible spectra5,27: 1) for ∆ < 0 the
spectrum is gapped ; 2) the gap closes to zero for ∆ = 0
and the dispersion is linear at low momenta; while for
∆ > 0, particle and hole branches of the spectrum real
part touch together in either 3) one (∆¯ ≤ 2) or 4) two
(∆¯ > 2) separate momentum intervals — note that Fig. 4
is a cut at ky = 0, so intervals for those plots in real-
ity corresponds to rings in the two-dimensional k-space.
Both cases 3) and 4) are generally named as diffusive
spectra. Note that the linear spectrum is allowed for a
single value of the detuning ∆, and thus even if the types
of different spectra for α2 = 0 are four in total, the finite
interval regions in ∆ displaying different spectra are only
three (and ∆ = 0 represents a separating point between
two of these regions). For the spinor case, the minimal
set of independent dimensionless parameters characteris-
ing the spectrum is instead formed by θ0 and ω¯p. Note
that by rescaling the pump detuning ∆± (14) by the
self-interaction energy E would still lead to a parameter
depending on θ0.
For a coupled spinor fluid, with α2 6= 0, the classes
of different spectra increase from four to eighteen; by
counting the parameter finite regions only (and exclud-
ing the separating lines), this corresponds to nine regions
of different spectra compared to the three of the previous
α2 → 0 limit case. The proliferation of different types of
spectra is due to the presence of two nested square roots
in Eq. (16). Which of the four branches have a degener-
ate real part as well as in how may momentum intervals
degeneracy occurs, depends on the sign of both square
root arguments. All nine possibilities for the spectra are
plotted in Fig. 4 and the various “phase diagram” re-
gions in the (ω¯p, θ0) parameter space where such spectra
are allowed are plotted in Fig. 3.
For both negative as well as small positive values of
the renormalised dimensionless pump energy detuning,
ω¯p, the spectrum is fully gapped, i.e., none of the four
branches mix together (panel 1 in Fig. 4). By increasing
the value of ω¯p at fixed θ0, the ↑ branches (black lines)
are still gapped, while the real part of the particle-like u↓
(thick red-gray) and hole-like v↓ (thin red-gray) branches
undergo the same changes as previously described for a
single component fluid: they touch each other first in
a single momentum interval (panel 2) and then in two
separate momentum intervals (panel 3).
Even if for panels 2 and 3 the ↓ branches have a
diffusive-like character, with an imaginary part deviating
from the polariton lifetime, =ω 6= −γ/2, in all the three
regimes 1 − 3 described, the ↑ and ↓ real part branches
are never degenerate and hence do not mix one with the
other, so that each maintains its own character: we group
the three cases as gapped spectra (white region of Fig. 3).
When we further increase the value of ω¯p, the oppo-
site polarisation branches can however mix together and
the spectrum evolves differently depending on the value
of the mean-field polar angle θ0: in particular it either
changes from the type 3 to 7 if θ0 < θ
cr
0 , or from 2 to 4 if
θ0 > θ
cr
0 , where the critical angle θ
cr
0 is given by:
cos(2θcr0 ) =
1
2
√
1 +
α2
α1
. (21)
For α2/α1 = −0.1, this critical value of the polarisation
angle is given by θcr0 ' 0.54. The dash-dotted line in
Fig. 3 indicates where θcr0 determines the boundary be-
tween these two cases. The difference between the two is
how the ↑ and ↓ branches mix together and at which en-
ergy the mixing happens. For θ0 > θ
cr
0 , there is only mix-
ing of the branches at zero energy, as for the three spectra
4−6, which we group under the naming 0-diffusive (clear
gray region of Fig. 3). When θ0 < θ
cr
0 , the spectra are
characterized by the presence of a diffusive momentum
region at finite energy, as for the spectra 7 − 9, that we
group under the naming ω-diffusive spectra (dark gray
region of Fig. 3).
If we increase ω¯p for θ0 > θ
cr
0 , the branches transforms
via different 0-diffusive phases. For the spectrum of type
4 all four branches real parts are degenerate at ω = 0
around k = 0, this then evolves to a zero energy degen-
eracy in different parts of the momentum space for the
cases 5 and 6. When ω¯p is instead increased for θ0 < θ
cr
0 ,
the ↑ branch transforms via different ω-diffusive phases:
Here, we get a mixing of the u↑ (v↑) branch with the
u↓ (v↓) branch as in the panel 7, where there is a nar-
row region in k space where the spectrum is diffusive
and <ω 6= 0. Note that for these spectral types the four
branches cannot be degenerate all at the same time as in
the 0-diffusive case previously considered; now only two
branches at the time get degenerate, while the other two
do repel each other. Higher values of ω¯p induce a sim-
ilar behaviour but for different intervals of momentum,
as for region 8 or region 9. Degeneracy at zero energy is
however still possible for the ↓ branch, as seen in panels
8 and 9.
The spectral phases of a circularly (linearly) polarized
fluid are the ones found on the line θ0 = 0 (θ0 = pi/4) and
coincide with the results discussed in Ref.18. After having
classified completely all possible excitation spectra, we
now discuss in the next section their intrinsic polarisation
properties.
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FIG. 5. (Color online) Bottom panels: Normal θ↑,k (thick
black lines) and θ↓,k (thick red-gray) and antinormal η↑,k
(thin black) and η↓,k (thin red-gray) polar angles for the
gapped spectrum 1 (left panel), the 0-diffusive spectrum 5
(middle panel), and the ω-diffusive spectrum 7 (right panel)
of Fig. 4. For immediate comparison, each spectrum is re-
plotted in the corresponding upper panels. The asymptotic
large momentum behaviors for the normal angles (25) are
plotted as black dashed line. The system parameters are
α2/α1 = −0.1, kp = 0, γ = 1.5, and values of (ω¯p, θ0) as
specified by the labels 1, 5 and 7 in the phase diagram of
Fig. 3.
B. Degree of polarisation of collective excitations
Each mode of the collective spectrum does emit with
an intrinsic degree of polarisation along the dispersion.
This can be determined by starting from the eigenvalue
equations,
Lˆkx(a)k = ω(a)k x(a)k , (22)
where ω
(a)
k are the four branches (16) labeled by the
index a = u↑, v↑, u↓, v↓ and x
(a)
k are the four four-
component eigenvectors of the Bogoliubov matrix Lˆk,
x
(a)
k = (x
(a)
u+,k
, x
(a)
v+,k
, x
(a)
u−,k, x
(a)
v−,k) — thus here the lower
indices u+, v+, u−, v− specify the eigenvector component,
while the upper indices (a) refer to the eigenvalue branch.
For each branch labeled by (a) and for a given direction
k (measured with respect to the pump wave-vector kp)
we might expect that, out of a 4-component complex vec-
tor x
(a)
k , the degree of polarisation will be characterised
by two polar angles and by two azimuthal angles, all in-
dependent from each other. However, the particle-hole
symmetry which characterises the Bogoliubov matrix (9)
leads to a redundancy of parameters. In particular, the
Bogoliubov matrix (9) is symmetric under the simulta-
neous exchange of the u↔ v components and the trans-
formation Lˆk = −Lˆ∗−k. For eigenvalues and eigenvectors
this implies that
ω
(uj)
−k = −ω(vj)k
∗
x
(uj)
u±,k = −x
(vj)
v±,k
∗
,
where j =↑, ↓. Thus, in order to characterise the intrinsic
degree of polarisation of the collective spectrum, it is
enough to define a “normal” polar polarisation angles
for each of the two j =↑, ↓ particle-like branches as
cos(2θj,k) = |x(uj)u+,k|2 − |x
(uj)
u−,k|2 . (23)
In fact, for the hole-like branches, we have that
cos(2θj,k) = |x(vj)v+,−k|2 − |x
(vj)
v−,−k|2 — we are assum-
ing here the following normalisation conditions for the
eigenvector components, |x(uj)u+,k|2 + |x
(uj)
u−,k|2 = 1 =
|x(vj)v+,−k|2 + |x
(vj)
v−,−k|2. Similarly, we can also define two
“anti-normal” polar polarisation angles as:
Ij,k cos(2ηj,k) = |x(vj)u+,k|2 − |x
(vj)
u−,k|2 , (24)
where Ij,k = |x(vj)u+,k|2 + |x
(vj)
u−,k|2 = |x
(uj)
v+,−k|2 + |x
(uj)
v−,−k|2
is the normalisation of the anti-normal modes with re-
spect to the normalisation of the normal ones which
was fixed to 1. Thanks to the particle-hole symme-
try, we could have equivalently defined these angles as
Ij cos(2ηj,k) = |x(uj)v+,−k|2 − |x
(uj)
v−,−k|2. To summarise, for
each branch we have two polar angles θ and η determin-
ing the degree of polarisation of the collective emission.
These are not directly measurable quantities. However,
in the pump-probe experiment proposed and analysed in
the next section, the normal angle θ is related to the
resonant transmission of the particle modes along the
particle-like probe direction kp + kpb, while the anti-
normal angle η to the transmission along the hole-like
direction kp − kpb.
We now analyse in the bottom panels of Fig. 5, the be-
haviour of both θj,k (thick lines) and ηj,k (thin lines)
along each branch dispersion for three representative
spectra (top panels) of the gapped, 0-diffusive, and ω-
diffusive types previously classified in Figs. 3 and 4. Let
us first note that it can be easily shown that the inten-
sity Ij,k decays quickly to zero at large momenta, i.e.
Ij,k ∼ k−4 for k 
√
mE , where E = α1(|ψ+|2 + |ψ−|2).
This implies that, in this limit, the coupling between
particle-like and hole-like degrees of freedom can be ne-
glected, allowing us to find the asymptotic behaviour of
the normal polarisation angles at large momenta:
lim
k√mE
cos(2θj,k) =
1 + σj
√
1 + ξ2
1 + ξ2 + σj
√
1 + ξ2
(25)
ξ =
α2
2α1 − α2 tan(2θ0) ,
where σj=↑,↓ = ±1 and tan(2θ0) = 2|ψ+||ψ−|/(|ψ+|2 −
|ψ−|2).
8As panel (d) of Fig. 5 shows, for a gapped spectrum
(panel (a), corresponding to spectrum 1 in Fig. 4) the
angles θ↑,k (thick black line) and θ↓,k (thick red-gray line)
vary only very little along the dispersion because there is
no mixing between ↑ and ↓ branches. In particular, while
for the ↑ branch the normal degree of polarisation (thick
black) is almost everywhere fully left-polarised, θ↑,k ' 0
(corresponding to the north pole of the Poincare´ sphere in
Fig. 1), for the ↓ branch (thick red-gray line) θ↓,k ' pi/2
(south pole). Both anti-normal angles ηj,k (thin lines)
also display a small variation along the dispersion from
the values η↑,k ' 0 (thin black) and η↓,k ' pi/2 (thin
red-gray).
Mixing of the ↑ and ↓ branches causes instead sudden
changes of both normal and antinormal angles along each
dispersion. This is the case of both the 0-diffusive spec-
trum shown in panel (b) of Fig. 5 (corresponding to panel
5 of Fig. 4) as well as the ω-diffusive spectrum shown in
panel (c) (and corresponding to the spectrum 7 of Fig.
4), even if the mixing happens in different ways. In par-
ticular, for the 0-diffusive spectrum, different branches
touch each other in two separated regions in k-space.
The branches u↓ and v↓ mix together for k . 1.5
√
mE ,
where the angles θ↓,k and η↓,k coincide. Inside this re-
gion, there is a another region where also the u↑ and v↑
mix together. Here, also the angles θ↑,k and η↑,k will co-
incide. In between these mixing regions, the values of the
angles undergo a sudden change in value from almost a
purely left-circularly polarised degree to a right-circularly
polarised degree.
The last case we analyse is the ω-diffusive spectrum
shown in panel (c) of Fig. 5. The difference with the
case previously considered of a 0-diffusive spectrum, lies
in the fact that now all four real part branches do not
become degenerate in the same momentum region and
that the degeneracy of ↑ and ↓ branches is allowed at
finite energy. Aside these differences in how ↑ and ↓
branches do mix with each other, we observe in panel
(f) a similar sudden flip of both normal and anti-normal
polar angles along the dispersion that we also observed
for the 0-diffusive spectrum in panel (e).
C. Probe response
After having discussed the intrinsic properties of the
collective spectrum, including the emission degree of po-
larisation along the dispersion of each branch, we de-
rive now the response of the spinor fluid to an addi-
tional probe beam and how this is related to the intrinsic
spectral properties discussed so far. To this end, we go
back to the system linear response (8) to a weak exter-
nal probe shined at a direction kp + kpb and an energy
ωp + ωpb. Eq. (8) can be easily inverted to give the sys-
tem response w = (u+, v+, u−, v−)
T in terms of the probe
vector fpb = (fpb+ , 0, f
pb
− , 0)
T :
w =
(
ωpbIˆ− Lˆkpb
)−1
fpb . (26)
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FIG. 6. (Color online) Response to a probe beam for a
gapped spectrum of excitations. Two-dimensional maps of
the particle-like Iu ( panel (a)) and hole-like Iu (panel (b))
intensities, and of the polar angles along the kpb direction θu
(panel (c)) and the −kpb direction θv (panel (d)) as a function
of both the probe momentum kpb and energy ωpb. The sys-
tem parameters are the same ones fixed in panels (a) and (d)
of Fig. 5, the probe is linearly polarized (θpb = pi/4) and the
polariton decay rate is set to γ = 1.5E . White dashed lines
are the real part of the excitation spectrum <ω(a)k . Note that
the intensity of the hole-like signal has been multiplied by a
factor 20 with respect to the particle-like to obtain a clearer
contrast.
As explained previously, and also illustrated in the
schematic set-up of Fig. 2, the intensity of the response
in the direction kp+kpb will be given by the particle-like
component |u±|2, while the one at the direction kp−kpb,
by the hole-like component |v±|2 — from now onwards,
we will consider the particular case of a pump shined or-
thogonally to the cavity plane, kp = 0. From Eq. (26), we
expect that the response will be enhanced when (ωpb,kpb)
is scanned close to one of the branches of the collective
excitation spectrum, i.e., the eigenvalues of the Bogoli-
ubov matrix Lˆkpb . Because the spectrum is complex,
we expect a broadened enhanced emission — typically of
the order of the polariton linewidth γ, with variations in
the diffusive regions in momentum space where different
branches touch each other and the imaginary part of the
spectrum deviates from the polariton lifetime γ. While
the resolution in energy is limited by the imaginary part
of the spectrum, the resolution in momentum space can
only suffer experimental limitations, such as the angular
resolution of the detection device and the intrinsic angu-
lar width of the probe beam. The probe beam resolution
in momentum can be improved by considering a large
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FIG. 7. Response to a probe beam for a 0-diffusive spectrum
of excitations. Two-dimensional maps of the particle-like Iu
(panel (a)) and hole-like Iu (panel (b)) intensities, and of the
polar angles along the kpb direction θu (panel (c)) and the
−kpb direction θv (panel (d)) as a function of both the probe
momentum kpb and energy ωpb. The system parameters are
the same ones fixed in panels (b) and (e) of Fig. 5, the probe
purely circularly right-polarized (θpb = pi/2) and the polariton
decay rate is set to γ = 1.5E . White dashed lines are the real
part of the excitation spectrum <ω(a)k .
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FIG. 8. Intensities Iu,v (panel (a)) and polar angles θu,v
(panel (b)) for the 0-diffusive spectrum of excitations shown
in Fig. 7 at fixed values of the probe momentum kpb =
0.5
√
mE and energy ωpb = 0 as a function of the rescaled
polariton decay rate γ − γcrit, where γcrit ' 1.39E .
enough homogeneous profile29.
We express the probe vector fpb in terms of the polar
θpb and azimuthal φpb angles, quantifying the polarisa-
tion degree of the probe:
fpb = |fpb|(cos 2θpb, 0, eiφpb sin 2θpb, 0)T , (27)
where |fpb|2 is the probe beam intensity. We set
φpb = 0. Similarly, the response w can be conve-
niently parametrised in terms of the particle-like Iu =
|u+|2 + |u−|2 and hole-like Iv = |v+|2 + |v−|2 intensities,
as well as the polar angles θu,v along the two directions
±kpb:
Iu cos(2θu) = |u+|2 − |u−|2 (28)
Iv cos(2θv) = |v+|2 − |v−|2 . (29)
Finally, as already discussed, we assume that the pump
induces a mean-field state with φ0 = 0 and θ0 ∈
[0, pi/4] (4).
We plot in Figs. 6 and 7 the two-dimensional maps for
both intensities Iu,v and polar angles θu,v for the response
to a probe beam by scanning different values of the the
probe energy ωpb and momentum kpb. We choose the par-
ticular case of a gapped spectrum (Fig. 6), corresponding
to the same conditions as panels (a) and (d) of Fig. 5 and
the case of a 0-diffusive spectrum (Fig. 7), corresponding
to the same conditions as panels (b) and (e) of Fig. 5. We
first note that, as expected, the probe beam (27) has only
a finite strength in the particle-like channels and cannot
directly excite hole-like quasi-particles. Nevertheless, the
response has a finite emission intensity also for the hole-
like branches because of the interactions mixing together
particle and hole degrees of freedom. As previously illus-
trated in Eq. (19) particle and hole modes asymptotically
decouple one from the other at large momenta. We thus
expect that the response emission intensity quickly drops
to zero for all hole-like branches. In panel (b) of Fig. 6
this behaviour is clearly visible, as the emission intensity
of the hole branches is strongly reduced with respect to
the one of the particle branches.
In the previous section we have seen that each branch
of the collective excitation spectrum is characterised by
an intrinsic degrees of polarization, quantified by the nor-
mal (θ↑,↓) and anti-normal (η↑,↓) polar angles. In Fig. 6,
the gapped spectrum is probed with a linearly polarized
beam, θpb = pi/4. Here, we obtained an enhanced emis-
sion when the probe is in resonance with either the u↑
or the u↓ branch. We remind that for a gapped spec-
trum there is no mixing between the ↑ and ↓ degrees of
freedom, and thus the θ↑,↓ angles only weakly deviate
from their asymptotic values at large k (see Fig. 5), in
this particular case almost purely circularly left or right
polarized. Hence, one expects that the emission inten-
sity for the u↑ and u↓ branches is comparable, since the
linearly polarised probe couples identically to left- and
right-polarized modes. In panel (c) of Fig. 6 we observe
the polarization to undergo a rotation when in resonance
with one of the spectral branches. As expected, prob-
ing at resonance with the u↑ branch results in a largely
left-polarized emission, while the u↓ branch induces a
right-circular polarization.
Interesting effects are observed for the case of diffusive
spectra, and we show in particular the case of a 0-diffusive
spectrum in Fig. 7. For this case we consider the case of
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a right-circularly polarized probe beam (θpb = pi/2) so
that we have a u↓ branch emitting much stronger than
the u↑ branch (see panel (a) of Fig. 7). However, around
kp = 0, where the spectral branches mixed one the other
in a diffusive region, we see that the resonant branch is
not u↓, rather v↑. Here, the strongest emission intensity
comes from the u↓ branch at large momenta and from the
v↑ branch inside the diffusive region at small k. Because
of the mixing between ↑ and ↓ degrees of freedom, we
have observed a sudden spin flip for the degree of polari-
sation of the eigenvectors around |k| ∼ 1.2√mE . This is
the reason for the resonant emission transfers from u↓ to
v↑ at small k. From panel (b) of Fig. 7 it is clear that, in
the beam transferred in the −kpb direction, the emission
is the strongest in the diffusive momentum ring at ωp = 0
where u↓ and v↓ are mixed. The stronger intensity for
these modes can be explained in terms of an onset of
parametric amplification. In fact, in this diffusive region
the imaginary part of the spectrum part deviates from
the value of the constant decay rate and there is an ad-
ditional contribution from the negative argument of the
outer root in Eq. (16) — see panel 5 in Fig. 4. For this
reason, these modes acquire a longer lifetime, and there-
fore undergo enhanced scattering. Similarly, in panel (a)
of Fig. 7, one can appreciate an increase in transmission
in the same diffusive region. In addition, there is also
an increased emission on the diffusive region at ωp = 0
where the u↓ and v↓ branches are degenerate. Although,
for these values of the momentum, these branches are cir-
cularly left polarized, the inter-spin interaction coupling
the ↑ and ↓ modes, combined with the strong parametric
amplification, still leads to a strong emission. It is inter-
esting to note that in previous work12, the proximity to
an instability to a parametric scattering regime has been
related to the occurrence of a negative drag force when a
resonantly pumped polariton fluid scatters against a lo-
calised defect. Here, the same phenomenon leads to en-
hanced emission of parametrically amplified modes when
the system is probed with an additional weak laser.
In panels (c) [(d)] of Fig 7 we plot the azimuthal polar-
ization angle for particle-like (hole-like)transmitted sig-
nal at kpb (−kpb). The resonant branch is u↓ at large k
and v↑ for small values of the momentum and strongly
emits circularly right polarized light — θupb ' θvpb ' pi/2.
Yet the parametrically amplified region around kp = 0
emits both in the transmitted kpb and −kpb directions an
almost purely circularly left polarized light. Hence, the
parametric amplification of the mixed u↓ and v↓ mode
causes the left-polarized incoming probe light to undergo
a spin flip when interacting with the polariton sample.
We show in Fig. 8 that θu,vpb tend to 0 (i.e., almost pure
left-polarization), when the parametric amplified mode
kp = 0.5
√
mE , probed with ωpb = 0, is brought closer to
resonance by varying the polariton decay time γ → γ−crit
— here γcrit is the minimum value of the polariton de-
cay rate required for the system stability, i.e., =ω < 0.
The emission intensity (panel (a) of Fig. 8) diverges as
1/(γ − γcrit)2 for both particle-like and hole-like signals
when they are brought close to resonance. This can be
understood from the expression (26), where we see that
the right-hand side becomes singular if ωpb equals <ω(a)kpb
and at the same time =ω(a)kpb → 0−. In this limit, the
response w coincides with the eigenvector x(a) of the Bo-
goliubov matrix Lˆkpb . Here, this is the case for xu− ,
so that the polarization θpb of the response approaches
θ↓|k=0 = η↓|k=0 ' 0.08, as it can be seen in panel (b) of
Fig. 8. Note that θ↓ = η↓ exactly in the diffusive disk
around k = 0, where u↓ and v↓ coincide. In Fig. 8, we
have measured the decay rate γ in units of self-interaction
energy E .
Experimentally, however, γ is fixed for a given micro-
cavity, but the ratio γ/E can be tuned by varying the
laser pump power, |fp|2 in Eq. (2). One should then cal-
culate the mean-field equations (3) to derive the polariton
spin densities |ψ±|2 and thus the self-interaction energy
E . By varying the tilting angle of the probe beam with
respect to the pump, one can scan through k-space. As
depicted on Fig. 2, also the detectors should be placed
accordingly: one at the same angle as the probe and
the other at the mirrored angle, to detect the particle
and the hole-like signal respectively. At each position of
the probe, a vertical slice on the response figures can be
reconstructed by changing the probe frequency ωpb and
measuring the intensity and polarization at both detec-
tors.
IV. CONCLUSIONS
We have analytically derived the spectrum of elemen-
tary excitations for a spinor polariton fluid in the lin-
ear response approximation scheme. For fixed interac-
tion stength, the spectra can be classified in terms of
two dimensionless parameters only: mean-field polariza-
tion angle and the renormalised pump detuning. Even
though there is a large variety of possible spectra, we
identify three major classes, gapped, 0-diffusive, and ω-
diffusive, depending how the opposite polarisation spec-
tral branches mix together and at which energy. For
0-diffusive the mixing happens at zero energies, for ω-
diffusive it happens at finite energy. Interestingly, only
the mean-field polarization is sufficient to distinguish be-
tween these two different diffusive-like spectra. We show
that the mixing of ↑ and ↓ branches characterises sudden
spin flips of the intristic degree of polarisation along the
branches for both diffusive-like spectra. We have charac-
terised the response of the system to an external probe
in terms of the spectral intrinsic properties. In particu-
lar, we have shown that the intrinsic polarization of an
elementary excitation is reflected in the trasmitted sig-
nal of a probe beam experiment. For gapped spectra the
degree of polarisation varies only very weakly along each
branches. In contrast, for both 0-diffusive and ω-diffusive
spectra, the strong mixing between opposite polarisation
branches at small momenta leads to a spin flip of the
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transmitted degree of polarisation along the branch. The
closer the polariton spinor fluid is to a parametric insta-
bility, the larger the amount of spin flip is, independently
of the degree of polarisation of the probing beam.
Recently numerous fascinating results have been
achieved in the study of the response of a spinor polari-
ton fluid to a magnetic field, such as the spin Meissner
effect24 and effective magnetic monopoles23. As a fu-
ture perspective, it could be interesting to include the
Zeeman-splitting terms in our model and study their in-
fluence on the spectrum of excitations. In addition, also
effects of disorder30,31 and TE-TM splitting could be in-
corporated.
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